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In a recent nodal direction angular-resolved photoemission spectroscopy �ARPES� study of the renormalized
electronic dispersion curves in Bi2Sr2CaCu2O8+�, small changes in the “kink” structure around 70 meV were
observed on 16O to 18O substitution. Based on the Eliashberg equations generalized to include the d-wave
symmetry of the superconducting gap, we show that these results are incompatible with predominant coupling
to a single oxygen-phonon mode. They can be understood in a model where a peak centered at �60 meV
comprising of only 10% of the total area under the electron-boson interaction spectral density obtained by a
maximum entropy inversion of nodal direction of ARPES data, is assigned to phonons and shifted in energy by
the 6% expected for oxygen isotope effect. The remaining background with 90% of the area comes from spin
fluctuations. Based on a momentum-averaged electron-boson spectral density recovered from optical
scattering-rate data, we study corresponding isotope shifts expected in the optical response.
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I. INTRODUCTION

There is a large body of evidence in the high Tc cuprates
that the charge carriers are coupled to a bosonic spectrum
although the exact nature of the bosons involved remains
controversial.1–18 In angular-resolved photoemission spec-
troscopy �ARPES� the boson coupling manifests itself as
“kinks” in the renormalized electronic-dispersion curves
which originate from structure in the quasiparticle self-
energy as a function of energy.1–10,17 ARPES is a directional
probe giving information on the momentum dependence of
quasiparticle properties along any direction in the Brillouin
zone. However, it is surface sensitive. A complimentary
method is the optical conductivity as a function of
energy.11–16,18–20 This is a bulk probe, applicable to a large
range of materials but it provides only momentum-averaged
information. Nevertheless, valuable information on boson
structure has been extracted from considerations of the opti-
cal self-energy12–15 obtained from the generalized Drude for-
mula for the optical conductivity. Coupling to a particular
Einstein mode manifests itself as a sharp rise in the optical
scattering rate. Additional information can be obtained from
the analysis of tunneling characteristics.21,22 This includes
recent scanning-tunneling microscope �STM� studies23–25

which were aimed more directly at boson structures. The
techniques just described do not on their own allow a definite
identification of the nature of the excitation involved, i.e.,
phonons, spin fluctuations, or some other boson. Neverthe-
less, the scale and range in energy as well as the shape of the
distribution of modes involved in the scattering can help in
this regard. The change in boson structure seen with change
in direction of momentum as in ARPES, for example, can
also provide important information, so can changes with in-
creasing temperature or isotope substitution.

There have been many studies of the effect of oxygen
isotope substitutions 16O→ 18O on boson structure which go
beyond the simple observation of a shift in the critical
temperature,26 small for optimum doping but larger in the

underdoped regime26–28 due to energy dependence in the
density of states and/or pseudogap formation. ARPES studies
include the work of Lanzara et al.29 and, later, Gweon et al.30

who found large shifts even at high energies. On the other
hand, an optical study by Wang et al.31 found no evidence of
an isotope shift. Recent STM work25 has shown a shift in a
52 meV structure of about the expected amount for an oxy-
gen mode but this may be explained in terms of inelastic
tunneling through the barrier.32–34 New high-precision low-
energy ARPES data35 on a high-quality single crystal of op-
timally doped Bi2Sr2CaCu2O8+� �Bi2212� with a Tc of 92 K
have revealed a 3.4 meV shift of the kink at 69 meV seen in
the nodal direction for 16O→ 18O substitution with modifica-
tions confined mainly to the kink region.

The analysis presented here is based on Eliashberg theory
first considered for an electron-phonon system36–39 but also
widely used in the nearly antiferromagnetic Fermi-liquid
model �NAFLM� based on spin fluctuations40 as reviewed by
Chubukov et al.41 In support of the NAFLM approach, re-
cent numerical solutions of the Mott-Hubbard model suggest
that in the high-Tc cuprates retarded interactions do provide
most of the pairing42,43 with the energy scale set by the size
of the antiferromagnetic exchange constant J. These calcula-
tions do not support the suggestion by Anderson44 that the
energy scale for the retardation might be much higher and set
by the Hubbard U which would imply nonretarded pairing.
Another mechanism considered in the literature is kinetic-
energy-driven pairing for which it is the kinetic rather than
the potential energy which is reduced as the temperature is
lowered below Tc. This mechanism can also be treated in an
Eliashberg formalism through a phenomenological reduction
in quasiparticle scattering brought about by the freezing out
of low energy excitations.45–47

In the formulation of the Eliashberg theory applied here,
the interaction between the charge carriers and the exchange
bosons is described by a spectral function I2F��� which is to
be the sum of a spin-fluctuation contribution I2���� and a
phonon part �2F���. Assuming d-wave symmetry for the
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superconducting gap, this spectral function acquires an addi-
tional dependence on angle �, the polar angle in the CuO2
Brillouin zone, with �=0 indicating the nodal direction. If
we consider, for instance, coupling to a resonant mode at
�� ,��, Fermi-surface to Fermi-surface transitions caused by
scattering off such a mode might not be possible in the nodal
direction because of the particular geometry of the Fermi
surface involved. But they could become possible as the an-
tinodal direction is approached and, thus, it appears that the
I2F��� spectrum for the antinodal direction will be much
different from its nodal direction value. This can be probed
with ARPES. In contrast, for optics data a �-averaged spec-
trum I2F��� is required.

We provide here a more detailed analysis of the nodal
direction ARPES data upon 16O→ 18O substitution than was
given in Ref. 35 and in our own brief report.20 We want to
understand better what these results tell us about the role
phonons might play in the mechanism of superconductivity
in the high Tc cuprates. We begin with a model calculation
which is aimed at understanding how quasiparticle properties
would shift if the primary coupling were due to an oxygen
phonon. Section II A deals with the normal state and Sec.
II B with the superconducting state assuming a d-wave gap.
In Sec. III we consider the optical self-energy which is dif-
ferent but analogous to the quasiparticle self-energy of
ARPES. In Sec. IV we deal more specifically with the case
of Bi2212. We base our discussion on a realistic form for the
electron-boson spectral density previously obtained by
Schachinger and Carbotte11 from a maximum entropy inver-
sion of the high-precision nodal direction ARPES data re-
ported by Zhang et al.17 This spectrum consists of a broad
peak centered at 65 meV superimposed on a large back-
ground extending to 400 meV. Shifting the peak by 6% in
energy and leaving the major part of the spectrum unaltered
produces changes in the quasiparticle renormalization that
are large enough to explain the data of Iwasawa et al.35 A
parallel discussion of optical properties is also given but now
based on a momentum-averaged spectral density I2F��� ob-
tained from a maximum entropy inversion of the optical scat-
tering rate. In Sec.V we give a brief conclusion.

II. MODEL CALCULATIONS

A. Normal state

We begin with a model in which the charge carriers are
coupled to a single Einstein mode of energy �E. The
electron-boson spectral density is A���−�E� with A the area
under the Dirac �-function ��x�. The resulting quasiparticle
self-energy in the normal state at zero temperature �T=0� is

���� = �1��� + i�2��� = A ln��E − �

�E + �
� − i�A����� − �E�

�1�

with ��x� a step function. Under isotopic substitution
16O→ 18O, �E→	�E, and the coupling A→	A so that the
mass enhancement parameter 
=2A /�E remains unchanged,

and 	=�16 /18=0.94 corresponding to a 6% reduction in �E.
We denote the self-energy of the isotope-substituted material
by �iso���. Its imaginary part jumps from zero to −�	A at
	�E rather than to −�A at �E as seen in Eq. �1�. The change
in frequency of the sharp onset of the scattering gives the
change in �E while the change in the magnitude of the scat-
tering rate which is constant above �E gives the change in
the electron-phonon coupling, i.e., of the area under the
electron-phonon spectral density �2F���. Both quantities
change by the same percentage for phonons. Modifications to
the real part of the self-energy given by

�1,iso��� = 	A ln�	�E − �

	�E + �
� �2�

are more complex. This quantity remains unchanged in the
limit ���E where it is linear in � with slope given by the
mass enhancement parameter 
 which does not depend on
isotope. Its logarithmic singularity, however, is shifted to
	�E and at ���E it varies as 2	2A�E /�. It is clear from
this analysis that the changes in ���� due to 16O→ 18O sub-
stitutions depend on the value of � considered.

Similar changes arise when a distributed phonon spectrum
is used. In this case the quasiparticle self-energy ��T ,�� in
the nodal direction is given by11,16,48–52

��T,�� = �
0



d�I2F����
−



d�Ñ�T,���n�T,�� + f�T,− ��
� − � − � + i0+

+
n�T,�� + f�T,��
� + � − � + i0+ 	 , �3�

which is valid in the superconducting as well as normal state.
Here, n�T ,�� and f�T ,�� are Bose and Fermi distribution,

respectively, and Ñ�T ,�� is the self-consistent electronic den-
sity of states �DOS�. For the normal state with a constant

density of states N�0� around the Fermi energy Ñ�T ,��
would reduce to one. Equation �3� holds for any system with

effective DOS Ñ�T ,�� and electron-boson spectral function

I2F���. For a superconductor, Ñ�T ,�� will involve the super-
conducting gap and have an inverse square-root singularity
for s-wave symmetry of the gap function and a logarithmic
singularity for d-wave symmetry in a clean limit system. It is

through Ñ�T ,�� that the superconducting gap enters the
nodal direction self-energy.

Starting with normal-state results, they are illustrated in
Fig. 1 for the case of a Lorentzian distribution with area A
=20.7 meV, 
=1.2, its peak at �L=36.4 meV, and of width
�=3 meV in the normal state at 10 K. The �red� curves in
the middle frame of Fig. 1, dashed-dotted and dotted, respec-
tively, give �2F��� and �2Fiso��� to which the right-hand
scale applies. Also shown are thin vertical lines which iden-
tify the frequency of the peak in the spectral density at �L
=36.4 meV for 16O and �L,iso=34.3 meV for 18O in the
other two frames. The top frame of Fig. 1 gives the imagi-
nary part of the self-energy −�2��� vs � in meV. The solid
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�black� line is for −�2��� and the dashed �black� line is for
−�2,iso���. The onset of scattering is no longer sharp and the
smearing about �L reflects the distribution of modes in
�2F���. Nevertheless, for a Lorentzian spectrum there is an
inflection point precisely at �L. In the middle frame we show
the result for the curvature associated with the quasiparticle
scattering rate

cur��� =
�2����


1 + �2�����3/2 �4�

and cur���=0 at the energy of the inflection point. In Eq. �4�,
�2���� is the first and �2���� is the second derivative of �2���
with respect to �. Returning to the top frame of Fig. 1 we see
that at ���L the two curves become parallel and saturate to
�A and 	�A=�Aiso, respectively. They also cross somewhat
above �L. All these features must correlate in any definitive
identification of an isotope effect. In the bottom frame of Fig.
1 we give our results for the real part of the self-energy,
−�1���. The �black� solid and dashed curves merge at small
� as expected because they both correspond to the same
value of the mass enhancement parameter 
. Note that the
logarithmic singularity of the �-function case has been con-
siderably smeared out even though our Lorentzian spectrum
for the distribution of modes is not very broad. The maxima
in these curves do not fall exactly at �L and 	�L��Liso

but
rather at 36.7 and 34.6 meV, respectively. The amplitude of

the real part of the self-energy at the maximum is smaller for
the 18O case by �6% reflecting the difference in A values.
As � increases the curves remain displaced as expected from
our analysis of the Einstein spectrum case where the differ-
ence is related to a factor of 	2.

B. Superconducting state

The full nonlinear Eliashberg equations11,12,15,16 for a
d-wave superconductor were solved for the gap and the
renormalization function using the Lorentzian spectral func-
tion of Sec. II A as the nodal direction spectral density
�2F��� and a temperature of T=10 K. The amplitude of the
pairing energy ���� is energy dependent, and results for its
real 
�black� solid line� and imaginary part 
�black� dotted
line� are shown in the top frame of Fig. 2 where they are
compared with the results for the isotopically substituted
case 
�black� dashed and dashed-dotted lines, respectively�.
The peaks in both real and imaginary parts are around but
not quite at �L+�. �See thin vertical lines which indicate the
positions of �L+� and �L,iso+�iso respectively.� Note also
the small reduction in the value of the pairing energy at �
=0 for 18O. The gaps � and �iso which we identified as the
position of the maximum in the quasiparticle density of
states N��� /N�0� shown in the middle frame of Fig. 2 were
equal to 12.6 and 11.8 meV, respectively, a 6% weakening.
The critical temperature was Tc=54.5 K and thus
2� / �kBTc�=5.35 in our model calculations. Note the struc-

FIG. 1. �Color online� Top frame: minus the imaginary part of
the quasiparticle self-energy −�2��� �16O solid and 18O dashed
lines� vs the energy � for a Lorentzian model �2F��� �see middle
frame� peaked around 36.4 meV in the normal state at T=10 K.
Middle frame: the curvature cur��� of −�2��� vs � �left-hand scale,
solid and dashed line�. The dashed-dotted line shows the Lorentzian
model �2F��� �right-hand scale� for 16O while the dotted line cor-
responds to 18O. Bottom frame: the same as the top frame but now
for −�1���.

FIG. 2. �Color online� Top frame: the pairing energy ���� vs �
for an Eliashberg d-wave superconductor with the electron-boson
interaction spectral density �2F��� 
�red� dashed-dotted and dotted
curves in the middle frame�, a Lorentzian peaked at �L

=36.4 meV displaced by the gap value �=12.6 meV at T=10 K
with its isotope shifted value �iso=11.8 meV. Middle frame: the
quasiparticle density of states N��� /N�0� vs �. Bottom frame: the
first derivative dN��� /d� normalized to N�0� vs �.
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ture in N��� /N�0� at the phonon energy shifted by the gap,
i.e., with the peak in the electron-phonon spectral densities
�2F��+�� and �2Fiso��+�iso�, �red� dashed-dotted line and
�red� dotted line, respectively. Furthermore, we find that the
maxima match perfectly with the minima in the first deriva-
tive of the normalized quasiparticle density of states
N�0�−1dN��� /d� which is shown in the bottom frame of Fig.
2.

The superconducting state quasiparticle �QP� self-energy
is shown in Fig. 3. In the top frame the �black� solid and
dashed curves are the real part of the QP self-energy, −�1

s���
and −�1,iso

s ���, respectively. For ease of comparison the thin
�blue� dashed-dotted and dotted curves reproduce our normal
state results of Fig. 1. The first important observation to be
made is that the maxima in −�1

s��� and −�1,iso
s ��� are at

�p=43.9 meV and �p,iso=41.2 meV, respectively. These
energies correspond neither to �L and �L,iso nor to �L+�
�49 meV and �L,iso+�iso�46 meV which are bigger. This
illustrates the important fact that for a d-wave supercon-
ductor it is not easy to identify the position of a peak in
�2F��� from the peak in the real part of the QP self-energy
even if the gap value is known. While an isotropic gap can
be identified, as we have done here from the peak in the QP
density of states, the position of the peak in −�1

s��� is not at
�L+� but rather in the particular case considered here falls

at a smaller energy; the shift is only 60% of �. Consequently,
if the rule �L+� is used on the position of the peak in the
solid black curve in the top frame of Fig. 3 one would con-
clude that the peak in �2F��� is at 31.4 meV rather than at
36.4 meV.

The breakdown of the rule �L+� to locate the maximum
in the real part of the QP self-energy can be traced to a
combination of the energy dependence of the QP density of
states N��� �middle frame of Fig. 2� in a superconductor and
our use of a distributed spectrum for �2F��� even though the
model chosen for simplicity was a rather narrow Lorentzian
form symmetric about �L.53 For a pure �-function spectral
density there would indeed be a vertical drop in −�1��� pre-
cisely at �L+� as noted in the recent work by Lee et al.54

The same vertical drop persists if a �-function plus a smooth
background is used as in the earlier work of Carbotte et al.16

but now the actual peak in −�1��� is shifted to slightly lower
energies. As we see in our Fig. 3 for a distributed spectrum
the peak moved to even lower energy and a vertical drop at
�L+� is no longer identifiable. For broad spectra the relation
between the position of the peak in I2F��� and the peak in
−�1��� is even more complicated and depends on details
beyond the values of �L and �, for example, on the asym-
metry of the spectrum.53 Finally, we note that, just as we saw
in the normal state, the value of −�1

s��� at maximum shifts
downward by �6% under 16O→ 18O substitution which re-
flects the shift in A value. At higher energies superconduct-
ing and normal curves meet but retain the 	2 difference be-
tween 16O and 18O.

The bottom frame of Fig. 3 gives our results for −�2
s���.

The notation is the same as for the real part. A striking dif-
ference between normal and superconducting state is that
now the main rise ends in a prominent maximum which re-
flects the maximum of the quasiparticle density of states in
the superconductor. �See middle frame of Fig. 2.� In fact
there is an easily identifiable image of N��� which is super-
imposed above the normal-state scattering rate. This image
of N��� provides additional structure in −�2

s��� not seen in
the normal state. Reference to the thin vertical lines shows
that the peak in −�2

s��� does not align with the peak in
�2F��+�� as was also the case for the real part of the QP
self-energy. The inflection points where the curvature of
−�2

s��� is zero falls at �i=45.8 meV and �i,iso=42.7 meV
and are, therefore, not trivially correlated with the boson en-
ergy plus the gap value nor are they equal to the position of
the maxima in the real part of the QP self-energy at �44 and
�41 meV, respectively for 16O and 18O. These facts need to
be kept in mind when analyzing experimental data.

Several features of the numerical simulations shown in
Fig. 3 are incompatible with the recent ARPES data of
Iwasawa et al.35 Their data on the imaginary part of the
quasiparticle self-energy shows no sign of saturating at ener-
gies above the maximum phonon energy in Bi2212 of
�86 meV, Ref. 55, but, instead, is increasing even at 200
meV and, most likely, beyond. Second, the data sets for 16O
and 18O merge around 100 meV in contrast to our expecta-
tion for coupling predominantly to an oxygen phonon that
they will remain displaced by �6%. A related observation
can be made about the real part of the QP self-energy. The
changes are mainly confined to the region 70–130 meV and,

FIG. 3. �Color online� Top frame: minus the real part of the QP
self-energy −�1��� 
�black� lines, left scale� for the superconduct-
ing state at temperature T=10 K vs �. The calculations are based
on a Lorentzian model for the electron-boson interaction spectral
density �2F��� 
see middle frame, �red� dashed-dotted and dotted
lines, right-hand scale� displaced by the gap. The light �blue�
dashed-dotted and dotted curves correspond to the normal-state re-
sults shown in the top frame of Fig. 1. Middle frame: curvature of
−�2��� vs �. Bottom frame: the same as the top frame but for
−�2���.
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in particular, the amplitude at maximum of the QP self-
energy is found not to change significantly while we would
expect a 6% change if we take our Lorentzian model as a
representative for the sole coupling to a phonon mode.

While the analysis above rules out coupling to a single
oxygen mode as the mechanism of superconductivity in the
cuprates, such suggestions, nevertheless, keep appearing
even in the most recent experimental literature. Examples
include a model spectral density consisting predominantly of
a single oxygen peak25,56 which has been considered in con-
nection with the observation of a single mode at 52 meV
showing a 6% shift on isotope substitution in the STM stud-
ies of Lee et al.25 on the surface of Bi2212. Highly hetero-
geneous regions are found showing a variety of supercon-
ducting gap values. In each patch, structures are seen in the
current-voltage characteristics �I-V characteristics� which are
very similar to the phonon images of conventional supercon-
ductors. When the position in energy of these structures is
carefully referenced to the gap energy, a dominant boson
energy of �B=52 meV emerges. An alternate interpretation
of these observations is that, what Lee et al.25 observe is an
inelastic tunneling process involving an oxygen phonon in
the tunnel barrier layer.32–34 Such a phonon mode would
have nothing to do with the glue causing the superconduc-
tivity in the CuO2 layer and would remain silent on the iso-
tope imprint data of Ref. 35. In a separate STM study24 in-
volving data collection above and below Tc, I-V
characteristics could be normalized to the normal state. This
procedure should cancel out matrix element effects and did
produce density of state data which agrees well with that
expected for a simple d-wave superconductor including in-
elastic damping. In all spectra deviations below the BCS
prediction are seen and identified as boson structures. The
average dip energy is found to be 35 meV for the Bi2212
sample studied. The magnitude of the boson structure ob-
served as quantified by the magnitude of the deviation from
BCS and was found not to scale with the size of the local
superconducting gap in contrast to what is observed in con-
ventional superconductors. Thus, it was concluded that they
are not directly involved in the pairing glue. These experi-
ments, however, remain silent as to the exact nature of these
excitations.

III. OPTICAL SELF-ENERGY

For comparison with the quasiparticle case it is conve-
nient to write the optical conductivity ��T ,�� in terms of a
complex optical self-energy �op�T ,��=�1

op�T ,��
+ i�2

op�T ,�� via

��T,�� = i
�p

2

4�

1

� − 2�op�T,��
�5�

with �p the plasma frequency. The optical scattering rate
�op

−1�T ,��=−2�2
op�T ,�� and the mass renormalization param-

eter 
op�T ,�� is given by �
op�T ,��=−2�1
op�T ,��. For zero

temperature, coupling to a single Einstein mode at �L and
the normal state as we have considered in Sec. II A we find

�op
−1�T = 0,�� =

2�	A

�
�� − 	�L���� − 	�L� �6�

and

− 2�1
op�T = 0,�� = − 2	A�ln�� + 	�L

� − 	�L
�

+
	�L

�
ln� �	�L�2 − �2

�	�L�2 �	 , �7�

where we have included the isotope factor 	. As in the qua-
siparticle case �op

−1�T=0,�� is zero up to �=	�L. At that
point it starts out from zero but does not jump to its constant
saturated value as for the quasiparticle case but rather rises
toward 2�	A only gradually as ��−	�L� /�. The onset of
scattering is shifted down by 6% and its saturated value is
also reduced by the same percentage. For the real part of the
optical self-energy, −2�1

op�T=0,��, the slope into �→0 is
unchanged by isotope substitution and is given by the same
mass enhancement factor 
 as in the quasiparticle case. The
peak is positioned at �2	�L and the amplitude at the peak
position is reduced by 6%. Also isotope differences persist in

FIG. 4. �Color online� Top frame: minus twice the optical self-
energy −2�1

op��� vs energy � in the superconducting state at T
=10 K. The solid line corresponds to 16O and the dashed one to
18O. Middle frame: the same as the top frame but for the optical
scattering rate �op

−1��� vs energy �. Bottom frame: the same as the
top frame but for the reflectance R��� vs energy � �left-hand scale
applies�. Dashed-dotted �red� �16O� and �red� dotted �18O� curves
are the �2F��� spectra displaced by the gap � and �iso, respec-
tively. The right-hand scale applies.
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this quantity at large ���L just as in Sec. II A. In Fig. 4 we
show results for −2�1

op�T ,�� �top frame� and �op
−1�T ,��

�middle frame�. The solid �black� line is for 16O and the
dashed for 18O �left-hand scale�. These curves are for the
superconducting state at T=10 K and are based on the
Lorentzian spectral density model of the previous section for
the �-averaged I2F��� spectrum. As expected, the solid and
dashed �black� curves for −2�1

op�T ,�� merge as �→0. The
peak frequency �p which is not at �L+� shifts by 4.7% on
oxygen isotope substitution and also drops in amplitude by
5%. Differences between the two curves, however, persist to
the highest energy shown and are more significant than in the
real part of the quasiparticle self-energy shown in the top
frame of Fig. 3. As for �op

−1�T ,�� �middle frame� it shows an
onset which is shifted downward for 18O. The solid and
dashed �black� curves cross and then the 16O and 18O curves
remain displaced in amplitude by 6%. Finally, the bottom
frame presents our results for the reflectance R���

R��� = � 1 − �����
1 + �����

�2

, ���� = � + i
4�����

�
, �8�

where ���� is the dielectric function and � is the dielectric
constant at infinity. The results are for the plasma frequency
�p=1 eV and �=1. The function R��� basically shows all
features of an inverted optical scattering rate �op

−1���, i.e., a
sharp drop with onset around �50 meV and saturation at the
value of �0.85 for energies �100 meV. The isotope shift is
well developed and should be observable by experiment.
Such features are not seen in the optical data of Wang et al.31

in an underdoped YBa2Cu3O7−� sample. In particular, there
is no evidence for a shift in frequency of the sharp drop in
R��� around 400–500 cm−1. Thus, optics in this particular
sample provides no evidence for a dominant oxygen-phonon
contribution to I2F���.

IV. APPLICATION TO Bi2212

We turn next to the explicit case of Bi2212 and base our
discussion on the spectral density I2F��� which we obtained
previously from a maximum-entropy inversion11 of the nodal
direction ARPES data of Zhang et al.17 Results for the spec-
tral density I2F��� at temperature T=17 K in the supercon-
ducting state are reproduced in the bottom frame of Fig. 5 as
the solid �black� line. Note first that this spectrum is very
different from the single sharp Lorentzian form we have used
so far. It has a broad peak around �L=65 meV but this is
superimposed on a large background extending to 400 meV.
In ARPES studies the cutoff in this spectrum depends criti-
cally on the choice of the bare dispersion curve since the
renormalizations are taken to end at the crossing between
bare and dressed dispersions and in the work of Zhang et
al.17 this was 400 meV. This choice of cutoff is consistent
with optical data.12–16 It is also consistent with the observa-
tion that the QP as well as optical scattering rates are still
increasing with increasing � even in the range of a few 100
meV. The maximum-entropy fit to the real part of the QP

self-energy is shown in the top frame of Fig. 5 for two tem-
peratures, namely, T=17 and 45 K. The data are indicated by
open circles and open squares, respectively. The over all fit is
excellent. No attempt was made to get the closest possible fit
to the peak position but this is of no importance for what
follows. The finite band nature of the electronic structure was
taken into account with a band width of 1.2 eV. To simulate
the effect of an isotope substitution we shifted the entire area
of the peak by 6% in energy to �L,iso=61.3 meV making
sure that the resulting mass enhancement 
 is left unchanged

the area under the curves, solid �black� and dashed �red� in
the inset of the bottom frame of Fig. 6 is reduced by 6%
though�. This results in a shift of the gap from �
=26.1 meV to �iso=25.8 meV which is almost negligible.
The resulting value of the real part of the QP self-energy,
dashed �red� curve, in the nodal direction is compared with
its unshifted 
solid �black�� curve in the top frame of Fig. 6.
We see that the peak shifts by about 5% as we expected and
also that the dashed curve falls below the solid curve in the
region of the peak. The results are in good agreement with
the experimental data of Iwasawa et al.35 for the shift in peak
position but the amplitude of the peak is reduced more than
in the experiments and we will return to this issue below.
Thus, we can conclude that it is sufficient to shift a small part

FIG. 5. �Color online� Top frame: fits to the real part of the
superconducting state QP self-energy ARPES data of Zhou et al.
�Ref. 17� as reported by Schachinger and Carbotte �Ref. 11�. Bot-
tom frame: the I2F��� spectrum from maximum-entropy inversion
of the T=17 K data �solid line� with 
=1.19, and the area under
the spectrum A=55.1 meV. The �red� dashed line shows the spec-
trum I2Fiso��� which was used to simulate the isotope effect. As
indicated in the inset only the entire peak area is shifted in energy
by 6% with 
=1.19 and Aiso=54.8 meV. The area under the shifted
peak is 6.15 meV which corresponds to a 
=0.21.
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of the I2F��� in order to understand these experimental re-
sults. In the bottom frame of Fig. 6 we show results for the
corresponding imaginary part of the quasiparticle self-
energy. What is presented is the curvature of −�2��� from
which we can identify a shift in the energy of its zero value,
the inflection point, from 76.1 to 72.8 meV. This gives an
independent measure of the isotope shift in the quasiparticle
properties. It is important to emphasize, again, that the peak
in the real part and the inflection point of the imaginary part
of the self-energy are not quite at the same energies and are
not trivially correlated with each other.

The area under the electron-boson spectral density which
we have shifted in energy by 6% and which is shown in the
inset of the bottom frame of Fig. 5 corresponds to 6.13 meV
or about 10% of the total area under the I2F��� that we have
used to describe the electron-boson coupling in the nodal
direction of Bi2212. If we associated this shift in area en-
tirely to an electron-phonon coupling, the mass enhancement
factor involved is 
0.2. This value is much smaller than
estimated in Ref. 35 but is of the order found in band-
structure calculations on related cuprates.57–61 It also com-
pares favorably with the total value of mass enhancement

tot=0.23 found in studies62 of anisotropic electron-phonon
coupling due to the oxygen buckling mode ��36 meV�. The
coupling to the breathing mode ��70 meV� was found to be

much smaller: 
tot�0.02. Our value of 
=0.2 corresponds to
less than 20% of the total 
 found through maximum entropy
inversion11 of the nodal direction ARPES data of Ref. 17.

In a last step we investigate how an energy cutoff of 200
meV on the QP self-energy which was used by Iwasawa et
al.35 influences data analysis and interpretation. For this pur-
pose we performed a numerical simulation based on the
I2F��� spectrum presented by the solid line in the bottom
frame of Fig. 5 but which has been cut off at 200 meV. �Such
a cutoff is the logical consequence of the 200 meV energy
cutoff applied on the real part of the QP self-energy when
such data are inverted.� In this simulation we will make an
attempt to reproduce as closely as possible the effect the
isotope substitution has on the imaginary part of the self-
energy as discussed by Iwasawa et al.35 It is based on the
solution of finite band d-wave Eliashberg equations as they
have been discussed by Schachinger and Carbotte.11 This
task requires consideration of three parameters, namely, the
mass enhancement parameter 
, the parameter g which ac-
counts for the fact that the projection of the electron-boson
spectral density will, in general, be different for the renor-
malized frequencies and the renormalized pairing potential.
The third parameter to be adjusted is the band width W.
Constraints are the correct value of the critical temperature
Tc=92 K and a best possible reproduction of the experimen-
tal −�2��� 16O ARPES data. Figure 7 presents the results of

FIG. 6. �Color online� Top frame: the real part of the optical
self-energy −�1��� vs � of Bi2212 in the superconducting state at
T=17 K. The �black� solid line is based on the I2F��� spectrum
shown in the bottom frame of Fig. 5 and the �red� dashed line
corresponds to I2Fiso���. The peak position shifts down by �5%
and the amplitude at the peak position by �3%. Bottom frame: the
same as the top frame but for the curvature cur��� of the imaginary
part of the self-energy highlighting in the inset the shift of �4% in
the inflection point due to the isotope effect.

FIG. 7. �Color online� Top frame: the real part of the QP self-
energy −�1��� vs � of Bi2212 in the superconducting state at T
=17 K for a I2F��� spectrum cut off at 200 meV �solid line�. The
�black� dashed line is the corresponding 18O result. The peak posi-
tion shifts by �4% and the amplitude at the peak position drops by
less than one meV. The �blue� dashed-dotted line presents the 16O
ARPES data of Iwasawa et al. �Ref. 35� and the �red� dotted line is
the 18O ARPES data. Bottom frame: the same as the top frame but
for the imaginary part of the QP self-energy −�2���. The inflection
points are indicated by the two thin solid and dashed vertical lines.
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this simulation. The best agreement with experiment was
achieved for 
=1.33, g=1.22 �so far, for simplicity, g was
set to one throughout the paper�, and W=0.6 eV a substan-
tial reduction from the previous value of 1.2 eV. Due to the
cutoff of 200 meV the area A under the I2F��� spectrum is
reduced from 55.1 to 38 meV and Aiso=37.6 meV, down
from 54.8 meV. The area under the shifted peak increased to
8.11 meV which corresponds to a 
=0.26. Thus, the area
under the shifted peak is now about 20% of the total area
while it was only about 10% in the bottom frame of Fig. 5
with the energy cutoff at 400 meV. Finally, the gap amplitude
�=33.1 meV and �iso=32.7 meV up by about 7 meV
which we can trace to the increased value of g.

The top frame of Fig. 7 presents our results for the real
part of the QP self-energy. The solid �black� curve is for 16O
and is equivalent to the solid �black� line in the top frame of
Fig. 6 except that now an energy cutoff of 200 meV was
used. The dashed �black� line is for the 18O isotope. The
�blue� dashed-dotted curve shows the 16O ARPES data and
was read off Fig. 2�b� of Iwasawa et al.35 It corresponds to
their cut zero which is exactly in the nodal direction. As the
data are given only in arbitrary units we rescaled them to
match the maximum of our solid �black� curve, i.e., 52.7
meV. The dotted �red� curve shows the 18O ARPES data and
was rescaled by the same factor as the 16O data. The result of
our simulation is that the peak in the real part of the self-
energy which corresponds to the �unchanged� peak �L
=65 meV in the I2F��� moves down from 83.8 to 76.7 meV
as a result of the reduced energy cutoff, despite the fact that
the gap amplitude has increased by �7 meV. The isotope
effect still accounts for a further shift of this peak by about 3
down to 73.7 meV. This remains in good agreement with the
experimental shift of 3.4�0.5 meV quoted by Iwasawa et
al.35

It is also important to notice the over all good qualitative
agreement of the numerical simulation with the ARPES data.
In particular, the weak depression at �120 meV which is
followed by a soft bump extending to �200 meV is clearly
seen at about the same energies in the ARPES data. This
weak structure is the 200 meV cutoff equivalent of the pro-
nounced peak-valley-hump structure seen in the top frame of
Fig. 5. Furthermore, we see that the amplitudes of the real
part of the QP self-energy at the peak positions now differ by
less than 1 meV which is below the ARPES accuracy and,
thus, cannot be picked up by experiment. In the case of the
400 meV cutoff this difference was about 1.5 meV.

The bottom frame of Fig. 7 shows the result of our simu-
lation for the imaginary part of the self-energy. The solid
�black� line corresponds to 16O and the dashed �black� line to
18O. We included for comparison ARPES data reported by
Iwasawa et al.35 read off their Fig. 3�b�. The dashed-dotted
�blue� line is for 16O and the dotted �red� line is for 18O. The
qualitative agreement is quite good and it is remarkable that
the inflection point in our simulated results moved up to 79.3
and 75.4 meV, respectively, in comparison to our result of
the 400 meV cutoff results shown in the bottom frame of Fig.
6. Iwasawa et al.35 quote the isotope effect of the inflection
point as 3.2�0.6 meV and our simulation is in reasonable
agreement with their observation albeit the energy of our
inflection point is well above the position quoted by Iwasawa

et al. Most importantly, the ARPES data as well as the simu-
lation indicate that −�2��� keeps increasing beyond 200
meV. This is a very clear indication that the I2F��� spectrum
extends to high energies. If it were restricted to the maxi-
mum phonon energy of �85 meV, Ref. 55, we should ex-
perience a saturation of −�2��� already at energies well be-
low 200 meV. Nevertheless, we would like to point out that
there is a pronounced disagreement between theoretical pre-
dictions and experimental data for −�2��� in the energy in-
terval 50���170 meV while we achieve much better
agreement in the same interval for −�1���. This could be
related to the fact that the experimental data for −�1��� and
−�2��� are not quite Kramers-Kronig related while theory is.

This numerical simulation demonstrates that moving the
energy cutoff down from 400 to 200 meV has quite a serious
effect on data analysis. Most importantly the peak position in
the real part of the self-energy is moved toward lower ener-
gies thus indicating a different position �L of the correspond-
ing peak in the I2F��� spectrum as compared with data gen-
erated using a 400 meV cutoff. This observation is even valid
when the strict rule that the kink appears at the mode energy
�L plus the gap amplitude � is applied.

Finally, the good qualitative agreement of the numerical
simulation with the ARPES data by Iwasawa et al.35 allows
us to conclude that the I2F��� spectrum which underlies this
data will be quite similar to what we found from inversion of
the ARPES data by Zhang et al.17 shown in the bottom frame
of Fig. 5. The peak position �L can be estimated quite safely
from our simulation to be somewhere between 55 and 58
meV. This energy is not in agreement with the two possible
candidates for the isotope effect, the oxygen buckling mode
with �36 meV and the oxygen breathing mode with
�69 meV. We turn next to optics.

The normal state optical self-energy �1
op��� of an opti-

mally doped Bi2212 sample was inverted by van Heumen et
al.63 to find the electron-boson spectral function I2F���.
They report a pronounced peak centered around �60 meV
well separated from a broad background which extends up to
400 meV. The peak position and its amplitude barely change
with temperature in the regime 100�T�300 K. This re-
sulted in the obvious interpretation that this peak in the
I2F��� spectrum is due to the interaction of the charge car-
riers with a phonon. Nevertheless, they conclude that the
contribution of the electron-phonon coupling to the pairing is
too small to account for the observed critical temperature and
that the part of the I2F��� spectrum at energies above 100
meV is of crucial importance for the pairing mechanism. In
contrast to this study, Hwang et al.13 inverted the optical
scattering rate of an optimally doped Bi2212 sample using a
maximum-entropy technique.12 They also found a pro-
nounced peak centered around �60 meV at low tempera-
tures but its amplitude decreases and its position moves to
higher energies with increasing temperatures. At T=300 K
the peak becomes almost completely smeared out. Such a
result is more in line with the interpretation that the peak in
I2F��� is caused by the coupling of the charge carriers to a
spin-one resonance. As the inversion process by itself is an
ill-posed problem both solutions are valid and studying the
optical properties of an isotope substituted Bi2212 sample
may provide the required independent information which
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will in the end allow one to discriminate between these two
scenarios.

We propose here that it should be sufficient to study the
optical properties of such an isotope-substituted Bi2212
sample in the superconducting state. To demonstrate this, the
main peak in the I2F��� spectrum reported by Hwang et al.13

for T=27 K has been shifted down in energy by 6% to simu-
late the effect of the 16O→ 18O isotope substitution. The rest
of the spectrum at energies �110 meV stayed unchanged.
The two spectra are shown in the bottom frame of Fig. 8 with
the �red� dashed-dotted line presenting the 16O spectrum and
the �red� dotted line for the 18O spectrum. �The right-hand
scale applies.� Note that the spectra have been shifted in
energy by �=22.7 meV and �iso=20.7 meV, respectively.
The most significant changes are observed in the results for
the real part of the optical self-energy −2�1

op��� presented in
the top frame of Fig. 8 �solid line for 16O and dashed line for
18O�. The result is very similar to what has already been
discussed in the top frame of Fig. 4 for the cut-off Lorentzian
spectrum. Now there is a very pronounced peak in −2�1

op���
at ��100 meV which gets shifted down to �94 meV and
we also see quite a reduction in the peak amplitude from
264.8 to 246.3 meV due to isotope substitution. These sig-
nals are strong enough to be seen in optical experiments and
the existence/nonexistence of this signal will then allow one
to discriminate between the two possible scenarios discussed
by van Heumen et al.63 and Hwang et al.13 The changes in

the optical scattering rate shown in the middle frame of Fig.
8 and in the reflectivity shown in the bottom frame of the
same figure are also large and measurable.

One should, finally, keep in mind the possibility that some
of the sensitivity to isotope substitution seen in Ref. 35 could
be due to a modulation of the exchange interaction J by the
zero-point vibrations of the oxygen ions. This possibility was
considered by Plakida.64 The Nèel temperature in undoped
La2CuO4 is known to change on 18O substitution for 16O,
Ref. 65, and this implies that the exchange constant J will be
changed and, consequently, so will the spin fluctuations
which themselves depend on J. But details of this relation-
ship have not yet been worked out. In this context, recent
calculations based on the Hubbard and t-J models42,43 find
spin-fluctuation spectra which are very similar to the ones
obtained from inversion of quasiparticle and optical data
which we have used here for Bi2212. On the other hand, a
neutron study of the 41 meV spin-one resonance in
YBa2Cu3O6.89 by Pailhès et al.66 found no shift on isotope
substitution in agreement with the result reported by Wang
et al.31

V. CONCLUSION

We analyzed very recent nodal direction ARPES data of
the effect of 16O→ 18O substitutions on the quasiparticle
self-energy. An Eliashberg formalism is employed to relate
renormalizations to an effective charge-carrier boson interac-
tion spectral function I2F���. For the superconducting state it
is assumed that the gap has d-wave symmetry. Through nu-
merical simulations we find that the data is inconsistent with
a model for I2F��� which consists dominantly of coupling to
a single oxygen mode. A more realistic model is based on a
previous maximum-entropy inversion of nodal direction self-
energy ARPES data of Zhang et al.17 in the energy range up
to 400 meV. The electron-boson spectral density consists in
this case of a broad peak around 65 meV superimposed on a
large, mainly structureless background extending to 400
meV, the cutoff in the data. When only the area under the
peak which accounts for about 10% of the total is assigned to
phonons and is shifted, leaving the remainder unchanged, we
obtain reasonable agreement with the oxygen-substituted
ARPES data. If the mass enhancement parameter 
 is used
instead of the area under I2F��� as a measure of the strength
of the electronic renormalizations, the phonon contribution
to 
 is 0.2 or less than 20% of the total 
=1.19 based on a
realistic model for the spectral density in Bi2212 obtained
from inversion of nodal direction ARPES quasiparticle self-
energy data. We conclude that the new measurements of Ref.
35 do not imply that the phonons play a large role in the
superconductivity of this class of materials. In our model
90% of the area under I2F��� is assigned to a spin fluctuation
background.

We also provided an equivalent analysis based on optical
data. The relevant momentum-averaged electron-boson spec-
tral density was taken from optical scattering-rate data and
shows a pronounced peak around 60 meV in Bi2212. We
argue that if this peak is entirely assigned to coupling to an
oxygen phonon as some authors would imply56 large, easily

FIG. 8. �Color online� Top frame: minus twice the optical self-
energy −2�1

op��� vs energy � for an optimally doped Bi2212
sample in the superconducting state at T=27 K. The solid line cor-
responds to 16O and the dashed one to 18O. Middle frame: the same
as the top frame but for the optical scattering rate �op

−1��� vs energy
�. Bottom frame: the same as the top frame but for the reflectance
R��� vs energy � �left-hand scale applies�. �Red� dashed-dotted
�16O� and �red� dotted �18O� lines are the I2F��� spectra displaced
by the gap �=22.7 meV and �iso=20.66 meV, respectively. The
left-hand scale applies.
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measurable changes would result in the reflectivity as a func-
tion of energy as well as in the corresponding optical self-
energy. To our knowledge this has not yet been observed.
Experimental data31 does exist in the related case of under-
doped YBa2Cu3O6+� where no effect of 16O→ 18O substitu-
tion is obesrved within the precision of the experiment.
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